
.

j

I
“i

*
cd
cd

NATIONALADVISORYCOMMITTEE
FORAERONAUTICS

TECHNICALNOTE3137

CREEPBENDINGANDBUCKIJNGOFNONLINEARLY

VISCOELASTICCOLU7!/INS

ByJosephKempner

Polytechnichstituteof Brooklyn

Washington
January1954

AFi’i”:C



TECHLIBRARYKAFB,NM

NATIONALADVISORYCOMMITTEEFORAERONAUTICS Illllllllllil[llll[lilll
0Ub5772’

TECHNICALN(ITE3137
.

CREEPBENDINGANDBUCKLINGOFNONLINEARLY
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By JosephKempner

SUMMARY

Differentialequationsofbendingof an ideaLLzedE-sectionbeam
columnwerederivedfora nonlinearlyviscoelasticmaterialwhose
mechanicalpropertiesareanalogousto a modelconsistingof a linear
springinserieswitha nonlineardashpotwhosestrainrateispropor-
tionalto a poweroftheappliedstress.Theresultingconstantstress
or loadcreepcurveconsistsofa straightline,theslopeofwhichcan
be consideredasthesecondarycreeprateof a realmaterial.

●

Theequationsderivedwereusedto obtainthecreep-bendingdeflec-
tionsof a beaminpurebendingandof a COWEM.withinitialsinusoidal

● deviationfromstraightness.Theresultsof theanalysisof thesimple
beamshowedthatthedeflectionsvarylinearlywithtime. Theanalysis
ofthedeflectionsofthecolumn,accomplishedwiththeassumptionthat
theoriginalshapeofthestructurewasmaintainedat alltimes,showed
theexistenceof a finitecriticaltimeatWhichthedeflectionsbecome
indefinitelylarge.Thecriticaltimedecreasesrapidlywithincreasing
axialcompressionandcolumninaccuracy.

INTRODUCTION

Theneedformethodspredictingthebehaviorof structuralcomponents
athightemperaturesisbecomingincreasinglyurgent,particularlyinthe
fieldsofaircraftstructuresandpropulsion.Duringthepast@ years
considerableattentionhasbeenpaidto thefundamentalconstant-stress
andconstant-loadtensilecreepbehaviorofmaterials.However,withfew
exceptions,it isonlyrecentlythatresultsoftheinvestigationofthe
creepbehaviorofbeamsandcolunnshavebeenpresented(see,e.g.,
refso1 to 9).It isthepurposeof thepresentreportto applyto the
problemof thecreepbehaviorofbeamsandcolumnsa stress-strain-time
relationwhichcanbe consideredasa generalizationoftherelation

. obtainedbetweenthestrainrateandstressfora Msxwelllinearlyvisco-
elasticmodelconsistingof a springconnectedinserieswitha dashpot
(seefig.I andrefs.6 and8 to 10). WhiletheoriginalMaxwellmodel

s
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consistsofa springanddashpot,ineachof:_whichthestrainis linearly
relatedto thestress,themodelconsideredhereinconsistsof a linear m
springcoupledwitha nonlineardashpotwhose__8trainrateisproportional
to a powerofthea~liedstress.Thecorres~ondingstress-strain-time
relationcanbe adaptedto thecreepcharacteristicsofstructural

—

materials,suchas aluminumor steel,by assumingthattheusualcreep
.

curveindicatedby thedashedcurvein figure“2(a)canbe replacedby
thesolidstraightlinealsoshowninthefigure(seerefs.1 to3).
Hence,theidealizedcreepcurvetskesintoaccounttheactualsecondary
stageof creep,approximatestheinitialelasticor elastoplasticstage —
andtheprimarycreepstage,sndignoresthe-finalstage.Itis intended
thattheeffectivespringmodulus,whichdefinesthestraininterceptof

.—

theidealizedcreepcurve,togetherwithparametersdefiningtheaction
—

of thenonlineardashpot,be detewinedfromexperimentsat constant
temperatures.

..—.——.-
.

Inorderto simplifythecalculationsinvolvedintheanalysisof ..
thecreepbehaviorofbeamsandcohunns,thepresentinvestigationhas
beenconfinedtothestudyofthebehavioratconstanttemperatureofan
idealizedH-beam,thecrosssectionofwhichconsistsoftwoequalconcen-
tratedareasconnectedby a thinwebofnegligiblebendingresistance

—
.

(fig.3). ‘Ijrodifferentialequationsforthedeterminationofthedeflec-
tionsof a beamundercombinedaxialandlateralloadswerederived,one

:.

equationbeingapplicablewhenthestressesinbothflangesarein com- b
pression,theotherwhenoneflangeis incom~ressionandtheotherin

_-

tension.Theseequationswereusedto deteminethedeflection-timerela- ‘.
tionsfora beaminpurebendingandfora simplysupportedcolumnwhose
axisbeforeloadinghadtheformofa half-sinewave.

Theauthoris indebtedto ProfessorN.J. Hoffforhisguidanceand
criticism,toMr.S.A. Patelforhisassistance,andtotheNational
Advisory
reported
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~onmdtteeforAeronauticsforsponsorshipoftheresearch
inthispaper.

SYMBOLS

totalflangeareaof idealizedH-section

effectiveelasticmodulus —

effectivemoduliforcompressionandtensionjrespectively

4

Fc /=wch
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Fi = wi/h
.

F. /=woh

‘T. totalnondimensionaldeviationof axisof loadedcolumnfrom
X-axisat t = O

fC?fi amplitudesof Fc and Fi,respectively

fT = f=+ fTo

‘T.= fJp - (@
h

I

L
. M

& %

m

mc$~

P

t

tcr

w

‘c

Wi

Wo

‘T.

.
x

a

distancebetweenflangesof idealizedH-section

momentof inertiaof idea13zedE-section,Ah2/4

lengthofbeam

bendingmoment

constantbendingmoment

exponentinviscosityterm

exponentsforcompressionandtension,respectively

axiallycompressiveload

time

criticaltime

deflectiondue

time-dependent

to loads

deflection,accruedfor t >0

initialdeviationfromstraightness

time-independentdeflectiondueto loadsat t = O

total
t =

axial

deviationof axisof
o

coordinateofbeam

loadedcolumnfromx-axisat
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z= fc+fT
o .

G strain

Ec,6t strainson concaveandconvexsidesofbeam,respectively
(positivein compression)

Go strainat t = O, ao1~1

k viscositycoefficient

‘c’% viscositycoefficientsforcompressionandtension,
respectively

P radiusof curvature

a stress

Ucjat stresseson concave

aE . #’EII/AL2

ao constantstress

z averagecompressive

andconvexsidesofbeam,respectively

stress,P/A

.

—
L

{ 1}T = E1(26)m/[4@ - 6) t

Tl timeparametercorrespondingto z = l@

‘cr criticalvalueoftimeparameter

(“)=a( )/&

( )x= a( )/ax

the

DERIVATIONOF DIFFERENTIALEQUATIONS

AN IDEALIZEDH-SECTION

Stress-Strain-TimeLaw

Therelationbetweenthestrainrateandthe
modelpreviouslydescribedis

OF BENDINGOF —

stresscorrespondingto .

u
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.

(1)
.

inwhich G and u, respectively,arethestrainandstress,El is
theeffectivemodulus,m and A areparametersdefiningtheviscous
behaviorofthematerial,andthedotovera symbolindicatesdifferenti-
ationwithrespecttotime t. ThethreeparametersEl} k, and m are
consideredas constantsfora giventemperatureandcsnbe determined
experimentallyfromconventionalconstantstressor loaduniaxialtensile
or compressivecreeptestsperformedat constanttemperatures.Thecor-
respondingrelationshipbetweenstress,strain,andtimeforsuchtests
canbe foundfromequation(1)M thestrain ~. at t
as ao/E1 (seefig.2(a)).Thus

Thisequationisshownplottedin figure2(b).

AdaptationofStress-Strain-TimeLawto

BenddngsndBucklingProblems

Whena beamwhosecrosssectioncanbe represented

= O istaken

(2)

by theideallzed
H-section,showninfigure3, isbentundertheactionof combinedlateral
andsxialloads,thestressesineachof theflangesmaybe compressive,
or thestressin oneflangemaybe compressiveandintheothertensile.
Thus,inapplyingequation(1)tothebendingproblem,thefollowingforms
ofthisequationhavebeenused:

(3)

fora flangeundertheactionof compressivestress,sndhence ~ and a
are positiveincompression.Thesubscriptc denotesparametersdeter-
minedfromconventionalcompressivecreeptests.similarly,

; = -(v%)-F’v%) (4)

fora flangeundertheactionof tensilestresses,andhence & isposi-
tiveincompressionand a ispositiveintension.Thesubscriptt
referstoparametersdeterminedfromtensilecreeptests..
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Equation(3)isvalidfor a ~ O andpositivein compression,
whereasequation(4)applieswhen a ~ O andpositiveintension.

Stress-LoadandStrain-LoadRelations

If a= and @t,respectively,arethestressesontheconcaveand
convexsideof anidealizedH-beamloadedintheplanecontainingthe
web
are

(seefig.3)endifa momentM andanaxially
appliedas indicatedinfigures3

ac = (P/A)+

CTt= (P/A)-

inwhich ac and at areconsidered

ac= (Z31/Ah)

at= (2M/Ah)

and4,then

(2M/Ah)

(2M/Ah)
1

compressiveload P

positiveincompression,and

+ (P/A)1
- (P/A) I

.

(5)

.

(6)
b

inwhich ac ispositiveincompression,while at ispositiveinten-
sion. Inequations(5)and(6) A/2 istheareaof eachflangeand h

.,

isthedistancebetweenflanges.
.- .
.

Whenbothflangesareincompression,thestrainineachflangecan
be relatedtotheappliedloadswiththeaidof equations(3)and(5).
Thus

1

;C= (l/E1c)(b/ti)~P/A)+ (2M/Ah~+ (l/hC)[(P/A)+ (2@h)l‘c

t

(7)
;t = (@lc)(a/~d ~P/@ - (pM/Ah]+ (l/Xc)~P/A)- (2M/Ah)l‘c

J

inwhich 4= and ~t,respectively,arethestrainratesontheconcave
andtheconvexsidesofthebeam,positiveincompre~sion.
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. Similarly,whenoneflangeis incompressionandtheotherin
tension

~c= (1/Elc)(~/~t)[(@@

:.= -@,,)(@@4/Ah)

+ (p/A)]+ (l/~c@@) + (P/A~mc

1

(8)
- (p/A] - (1/LJ[(2@.h)- (P/Aj%

Thusequations(7)areapplicablewhen P/A~2M/Ah andequa-
tions(8),when P/A~ 2M/~.

DifferentialEquationsofBendingof a BeamColumn

Sincethestrainscc and ~, consideredpositiveincompression,
arerelatedto theradiusof curvaturep ofthecentroidalaxisofthe
beamby theequation

(cc - et)/h= l/p (9)

thedifferentialequationsofbendingarereadilyobtained.Thus,if
P/AZ 2M/Ah,thatis,ifbothflangesarein compression,equations(7’)
smd(9),togetherwiththeconditionthatforsmalldeflectionsp is
relatedto thedeflectionw by therelation

l/p = -w= ($la)

where x istheaxialcoordinateof a pointonthebeamsxisanda sub-
scriptx indicatesdifferentiationwithrespectto x, yield

{

i
-h(b/&)(wxx)= (k/E#W’)(aM/at)+ (l/X.c)[(P/A)+ (2M/Ah]‘c -

}
[(p/A)- (@AJJ~% (lo)

If P/A~ 2M/Ah,correspondingto oneflangein compressionandthe
otherintension,thenfromequat,ions(8)and(9)

-h(a/at)(wm)=

(n)
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Furthermore,if.theparametershavethesamevaluesintensionand b.
compression,-thesubscriptc canbe droppedinequation(10),and
equation(11)becomes

[

\
-h(a/&)(wn)= @/EIAh)(aM/bt) + (l/X.)~L@@ + (P/A]m +

~@@ - (p/A]‘} (ha)

Thus,equations(10)and(11)arethedifferentialequationsappli-
cabletotheanalysisofthecreep-deflectionbehaviorof an idealized_
H-sectionbeamcohunn,thematerialofwhichbehavesaccordingto equa-
tions(3)and(4).

APPLICATIONS

Beam

OF DIFF!EBENTIALEQUATIONS

OF BENDING

UnderPureBending

Equation(11)canbe readilyappliedtothe problemofthedetermi-
nationofthecreepdeflectionsof anidealizedH-sectionbeamunderthe
actionof constantendcouples~. Undersuchconditionsthisequation
reducesto

(lE?)

Therelatedboundaryandinitialconditionsfora besmof len@h L
withtheoriginoftheaxialcoordinatex at oneendofthebeamare
that,atx=O and”L,ti=O and,at t=O,w is

WO = [(lhc} + (1/E,t)](MoL2/41)(x/L)~- (x/Lj (13)

whichisobtainedfroma simple“elastic”analysis.Themomentof
inertiaI ofthecrosssectionofthebeamwithrespectto thecenter
linenormalto theweb(seefig.3)isequalto A#jk.

Hence,thesolutionofequation(12)canbe expressedas

w -Wo= l(l/Ac)(mo/Ah)mc+
(l/~)@o/~)%](L2/@(x/L) [1- (x/Ljj t (14)

.

—

.
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If thematerialpropertiesofthebeamarethesameforcompressionand
. tension,equation(14)canbe expressedas

W/Wo= (E+](~/&)m-lt+-L

or

(lka)

inwhich croistheabsolutevalueof theconstantstress~/Ah acting
ineachflange.Itmaybe notedthatequation(lkb)canalsobe obtained
fromsolutionof equations(2),(9),and($la).Becausetheflange
stressesareconstantandequalinmagnitude,theratioofthedeflection
atanytime t andthedeflectionat t = O is thesameastheratio
ofthestrainat anytime t andthestrainat t = O of a barunder
theactionof constanttensileor compressivestresses(seefig.2(b)
andcompareeqs.(2)and(lkb)).

●

ColumnWithInitialCurvature
●

Thedeflection-timecharacteristicsofan E-sectioncolumn,whose
centroidalaxisinitiallydeviatesfroma straightlineandwhose
definingmaterialparametersarethesamefortensionandcompression,
canbe investigatedwiththeaidof equations(10)and(ha). Fora
simplysupportedcolumnwitha constantaxiallycompressiveendload P,
themomentM issimply

M = P(w + Wi) (15)

inwhich w ist~ deflectiondueto loadsand wi representsthe
initialdeviationfromstraightness(seef:g.5). Thus,for P/A22M/Ah
andhence,fromequtition(15),for w + wi~ h/2,equation(10)becomes

(16)

.

.
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P/A= G

w/h=F ‘

‘ih =Fi

.—
b

—

Equation(16) isapplicableto thepresentproblemsolongasboth
flangesarein compression.

Similarly,for w + wi a h/2,thatis,fortheflangeontheconcave
sideincompressionandthatontheconvexsideintension,equation(ha)
yields

i=
{

+ (~A/’EII)~+ [(2~)m/ti2][F.+Fi + (1/2)]m+

[ )
F+ Fi-(1/2jm =0 (17)

Itmaybe notedthatequations(16)and(17) areidenticalif m is
an oddinteger.

Sincethedeflectiondueto loadsconkistsof thetime-independent
deflectionWo,obtainedat t = O, andthetime-dependentdeflection

Wc>accruedfor t >0, F canbe expressedas

F=FC+FO (18)

Hence,

F+Fi=Fc+FT
o

(19)

●

.

inwhich FTO represents

columnfromthex-axisat
and(17)becomefor Fc+

thetotaldeviationof theaxisoftheloaded

t = O and Fc =wc/h. Hence,equations(16) .-
F~o< 1/2 -.

+ [@m/tiq {[(1/2)+ Fc + %Jm -

)
.

[/) 1}(12 -Fc-FTom =0 (20)
.
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i’~= + (ZAIEII]$C+ [(2=)rn/Mq{Ec+ FTO+ w2jm +

[Fc -I-FTO-
}

(1/2]m = o (21)

If m isunity,then(sinceeq.(1)reducesto thestress-strain-
timelawfora Maxwellelement)equations(20)and(21)areapplicable
to theanalysisofthebehaviorof thecorrespondinglinesrlyvisco-
elasticcolumn(seerefs.6,8, end9). Iftheratioof theinitial
deviationsfromstraightnessandthedistancebetweenflangesistaken
as

(22)Fi = fi sfi(~/L)

inwhich L isthelengthofthebeamandthecoordinatex ismeasured
. froma suppbrt

expressedas
.

(seefig.5),thedeflectionsof thecolumncanbe

f.ifm = e2T- 1 (23)w ‘o

where fc istheamplitudeof the

fTo istheamplitudeofthetotal

loadedcolumnat t = O, and

deflectionF= accruedfor t > 0,

deviationfromthex-axisofthe

ured

~E . #Eli/.2

Theamplitudeofthetotalnondimensionalmidspandeflectionmeas-
fromthex-axisis

‘T =fc+fT o

. Equation(23) showsthatfor 77<aE thecreepdeflectionsoftheldne-
arlyviscoelasticcolumnbecomeinfinitelylargeonlyforcorrespondingly
lsrgevaluesoftime(refs.8 and9)..
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Forvaluesof m otherthanunity,thecollocation~thod canbe
appliedto thesolutionof equations(20)anq(21).Thismethodwill k
be usedto investigatethemidspandeflecting.o_fthecolumnunderthe

—

assumptionthattheshape“oftheoriginaldeviationfromstraightnessFi
ismaintainedduringthebendingprocess.

—
H@~ce,if-Fi is asdefined-

inequation(22),then F= isassumedtobe givenbytheequation

Corresponding
loadedcolumn
analysisas

inwhich

Fc = f=sin(YCX/L) (24)—..

to equation(22),thetotaldeviationof theaxisof the
fromthex-sxisat t = O isobtainedfroman “elastic”

Substitutionof Fc

(25)intoequations(20)
sionsat x = L/2 yield
midspandeflectionfc:

‘T.= ‘T.sin(fix/L)

‘T.= Jf [1 - (F/i3E)l

(2.5)

*

.

aiidFTO,respectively,fromequations(24)and

snd(21)andevaluationoftheresultingexpres-
thefollowingequationsforthenondimensional
For fc+ fTog 1/2..

——

dfc/dT-
{[(1/2)+ f=+.fT~m-[(~/2) -”fc-fTom=o (26)1}

andfor fc+ fT 2 1/2
o

dfc/dT-
{[

}
lm+Fc+fTo -(1/2!lm=0 ’27)

fc+ fTo+ (1/2)

inwhichthenondimensionaltimevariableT isdefinedss

- 1}E) t (28)
.
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Equation(26)
sion,whereas

is applicable
equation(27)

ifbothflangesof thecolumnareinconmres-
applie$whenoneoftheflangesisinte;-

sion.Thesolutionof equation(26) cm bewrittenas -

r
z

T= dz
/{

[(1/2)+ am - ~1/2)- dm}
JfTo

(29)

in which z = fc+ fTo>

validprovidedO ST S
andhence fTo~Z g~/2.
Tl,where T1 corresponds

Thusequation(29)is

to z = 1/2 andhence
to thattimeatwhichoneflangeiscompletelyunstressed.If fTm~ ~/2,
thenequation(29)mustbe applieduntil T . Tl, whereuponthesolution
to equation(27)becomesapplicable.Thissolutionis

for l/2gzgc0 and Tl~T~Tcr,
caltimeandcorrespondsto infinite

andfromequation(2g)

(30)

where Tcr isdefinedasthecriti-
deflections.Thusjfor fTo~ 1/2,

(1/2flm+~ -
m

(1/2fl] (31)

(32)

If fTo> 1/2,Only oneflangeis‘incompressionforallvaluesof T,
andhenceequation(27)appliesthroughoutthedurationof loading.
Therefore,for fTo2~/2

z
T. J /(dz (z+ (1/2~m+ [Z- (1/2)]m

‘T. }
(33)
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.Cr. ~ ../{[.+ (l/,flm+[.- (./,)]~
o

(34)

Theintegralsinequations(29)to (34)canbe evaluatedreadilyfor
integralvaluesof m. If m isan eveninteger(orfractional)allsix
equationsarerequiredfora completer~ge of ‘T. and T. If m is
an oddinteger,sinceequations(26)and(27)arethenidentical,the
evaluationof thesixequationsreducestotheevaluationof equations(33)
and(34)forallvaluesof fTn and T. Thus T1 no longerisof any

significance.A summaryofeq;ations(29)to (34)isgivenintable1
andthecorrespondingresultsof integration-form = 1,2,3, 4,and5
aregivenintable2. Theintegrationsindicatedinequations(29)to
(34)areperformedinreference11inter?mof m,where m isany
integer.Itmaybe notedfromcomparisonof equation(23)withthe
resultsintable2 that,for m = 1,thecollocationmethodyieldsthe
exactresultsof equation(23).

Theexpressionsintable2 wereusedto-obtainthedeflection-time
curvesshowninfigures6(a)to 6(d).Thesecurvesrelatethenondimen-
sionaltime-dependentmidspandeflectionfc (accruedfor T >0) to
thetimevariableT andtheinitialtotaldeviationfromthex-axisof
themidspanof theloadedcolumnfTo. In figure6(a)thecurvedesignated

m= 2, O~T~T~jor m=l$ O ~ T ~ ~, isvalidforthec~e inwhich

m= 2 andbothflangesareh compression,aswellas fortheentiretime
rangefor m = 1 (seetable2). Intable3 thetimeto failure,charac-
terizedby Tcr,andthetimeto zerostressinthe“tension”flange,
representedby Tl,arelistedforthe m and fTo valuesconsidered

in figures6(a)to 6(d).

Thecurvesinfigures6(a)to 6(d)showthatforthesamevalueof
theexponentm >1 thecreepdeflectionsbecomelsrgemuchmorerapidly
forlargevaluesof ‘T. thanforsmallvaluesofthisparameter.The

resultis,of course,thatthecriticaltimeparameterTcr decreases
as fTo increases(seetable3). Theseresultsareasexpected,since

b?ge valuesof fTo indicateeitherlargeinitialdeviationsofthe

columnfromstraightnessor largevaluesoftheaverageaxialcompressive
stress~ < aE. Fromtable3, aswellasfroma comparisonof theloca-
tionsoftheasymptotesshownin figures6(a)to 6(d),itisseenthat

—

c—

..

—
—

mz

*



NACATN 3137
.

. forlargevaluesof ‘T. thecriticaltimepsrameterTcr decreases
withincreasingm,wheressforsmallvaluesof ‘T. thisparameter
increaseswith m. Inthisrespectitmaybenoted,however,thatsince
Tcr isproportionalto # it isnota truemeasureoftheactual
criticaltime tcr (eq.(28)).Thus,itisprobablethatforreal
materialstheactualcriticaltime tcr decreases
increasingm, sincet is inverselyproportional

DISCUSSION

monotonically
to 9.

Differentialequationsofbendingofan idealizedH-section

with

beam
columnwere derived-fora nonlinearly-viscoelasti.cmaterialwhosemechan-
icalbehavioris analogousto a modelconsistingof a springconnectedin
serieswitha dashpot.Thespringwassssumedtobe elasticwitha modu-
luscorrespondingto thestraininterceptoftheprojectionofthesecond-

* aryregionofa conventionaltensileor compressivecreepcurve,whereas
thedashpotwsxconsideredasnonlinearwitha strainrateproportional
to a powerofthestress.Thus,theconventionalcreepcurveisrepre-. sentedby a straightline,theslopeofwhichisthesecondarycreeprate
oftheactualcreepcurve.Thegeneralequations,onewhichapplieswhen
bothflangesareincompressionandtheotherwhenoneflangeis incom-
pressionandtheotherintension,sreapplicableto materialswhose
mechanicalpropertiesfortensiondifferfromthoseforcompression.

Theresultsoftheanalysisofthecreepdeflectionsof a beamunder
purebendingshowedthatthedeflectionsvarylinearlywithtime. This
istobe expected,sincethestressin eachflangeremainsconstantwith
time,andhenceeachflangebehavesin a manneranalogousto a barunder
constantstress.Ifthematerialpropertiesofthebeamarethesamefor
tensionandcompression,theratioofthedeflectionatanytime t to
thedeflectionat t = O is identicaltotheratioofthestrainatthe
ssmetime t to thestrainat t . 0 of a bsrunder’theactionofa con-
stantstresswhosemagnitudeisthatofthestressineitherflangeofthe
beam(seeeqs.(2)and(l&b)andfig.2(b]).

Thenonlineardifferentialequationsforthebendingof a simply
supportedH-sectioncolumnwithinitialsinusoidaldeviationfromstraight-
nessweresolvedwiththeaidof theassumptionthattheshapeofthe
loadedcolumnremainedsinusoidal.Thematerialpropertiesof thebeam
wereassumedtobe thesameintengionandcompression.In contrastwith

. theresultspresentedinreferences8 and9 forlinearlyviscoelastic
columns, thenonlinearlyviscoelasticcolumnsinvestigatedinthepresent
paperpossessed“criticaltimes.”ThusforstresseslessthantheEuler<
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stressthedeflectionsofan initiallycrookedcolumnbecomeinfinitely
largeina finitetime. Infigures6(a)to 6(d)curves arepresented

.

showingtheeffectoftheinitialdeviationfimmstraightnessoftheloaded
columnonthetimebehavioroftheadditionaldeflectionsobtainedwith
time.As expected,fora givenexponentinthepowerlawforviscositythe
creepdeflectionsincreasedmorerapidlywithtimeforthelargervaluesof
amplitudeoftheinitialdeviationfromstraightnessthanforthesmaller .—

values.Thus, thecriticaltimedecreasesveryrapidlywithincreasing
.-

initialdeviationfromstraightnessandendload. .-

Polytechnic.InstituteofBrooklyn,
Brooklyn,N.Y.,July23,1952.

.

1.

,
*
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TABIJI3.-VALUIXOF T1 AND Tcr CORRESPONDINGTo VALUES

OF m AND fTo OFFIEURES6~a)TO6(d)

‘T.

0.01

.05

.10

.20

.50

m=2

‘1

1.956

I.152

.8045

.4582

0

.80 ------

1.00 ------

2.00 ------
●

Tcr

2.741

1.937

1.590

1.244

.7854

.5586

.4637

.2450

I ru=4

‘T. ‘1 ‘cr

0.01 3.565 3.891

.10 1.282 1.608

1.00 ----- .09112

m=s

T cr

2.974

I.902

1.444

.9943

.4621

.2586

.1867

.05728

m=5

Tcr

5.612

1.985

.04767
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Figure1.-Maxwellmodel.

i CONSTANTLOAD,’

Experimental.

(b)Idealized.

Figure2.-Experimentalandidealizedcreepcurves.
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Figure3.- Cross sectionof ideslizedH-sectionbean.

Figure4.-Portionofbentbesmcolumn.

x

Figure5.-Deflectionsof simplysupportedcolumn.
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(a) m = 2.

Figure6.-Variationofdeflectionsaccruedfor t > 0 withtime
psmuneterT for m = 2,3,4, ah 5 andseveralvaluesof
initial-deflectionpsmwneterfTo.
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Figure6.-Concluded.


